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1 Introduction
In this paper we undertake a theoretical comparison of the exposure and diversification outcomes of
multi-factor portfolios that use a Composite Index, a Composite Factor and a Multiple Tilt approach to
index construction. A Composite Index is characterized as a “Top-down” methodology in which the multifactor portfolio is formed as a weighted average of separate single factor (or “sleeve”) portfolios. In
contrast the Composite Factor and Multiple Tilt methods are characterized as “Bottom-up” techniques.
The Composite Factor approach combines all factor values into a single score, which is then used to
construct the multi-factor portfolio. The Multiple Tilt converts factor values into scores that are then
multiplied together to determine the weights of stocks in the multi-factor portfolio.
We construct Composite Index and Composite Factor outcomes using a simple and commonly employed
multi-factor portfolio construction methodology; Selection and Weighting. Here single factor sleeve
portfolios are created by selecting a given proportion of some initial stock universe which has been
scored and ranked by a factor value. The resulting set of stocks may then be weighted according to the
factor value itself, or on some other criteria concerned with capacity (e.g. market capitalization weighting),
diversification (e.g. equal weighting) or risk (e.g. inverse volatility weighting), or a combination thereof. A
Top-down Composite Index portfolio is constructed by averaging the single factor portfolio sleeves. A
Bottom-up Composite Factor portfolio arises from the application of the same selection and weighting
mechanism to a single composite or average multi-factor score.
In these approaches, factor exposure is obtained (primarily) through selection. Increasing the severity of
the selection, say, by targeting the top 10% rather than the top 50% by factor score, will increase portfolio
levels of factor exposure. However, this will be at the expense of diversification. Diversification is
necessary to ensure that the resulting portfolio is not dominated by idiosyncratic risk. In what follows we
maximize levels of (weight) diversification for a given degree of factor exposure by the application of an
equal weighting scheme. This has been done by other researchers [8], where equal weighting is chosen
as a transparent proxy for more complex diversified weighting schemes.
The Multiple Tilt methodology introduced in [1] employs a set of factor scores, calculated by applying the
Cumulative Normal mapping to cross-sectionally normalized factor values. These scores are then
multiplied by an initial set of portfolio stock weights, the result of which, when suitably normalized, yields
the multi-factor portfolio. The multi-factor portfolio therefore consists of a reweighting of the entire initial
universe of stocks.
We highlight that the theoretical comparison of Composite Index and Composite Factor construction
approaches is not new, see for example [3] and [4]. However, in both these formulations, factor exposure
is compared without controlling for differing levels of portfolio diversification. We argue that valid, like-forlike portfolio comparisons should consider both factor exposure and diversification. We therefore
compare the levels of factor exposure of these Top-down and Bottom-up approaches for equivalent
levels of portfolio diversification. Similarly, one could compare levels of diversification once portfolio factor
exposures are matched.
In [3] and [4] the broad conclusion is that a (Bottom-up) Composite Factor approach is superior to a (Topdown) Composite Index approach if comparisons are conducted purely in terms of levels of factor
exposure. However, on introducing the additional dimension of diversification, we shall see that the
conclusion is more nuanced, depending on the degree of factor exposure sought, the number of factors
under consideration and the levels of correlation between those factors.
However, one should not conclude from this that Bottom-up and Top-down approaches are somehow on
par with one another. This conclusion depends on which particular approaches are compared. Indeed,
we will show that the Bottom-up Multiple Tilt approach always has superior exposure and diversification
properties compared to a Top-down Composite Index approach based on a Selection and Weighting
approach.
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The plan of this paper is as follows. In Section 2, using the methodology and results of [1], we derive
theoretical expressions for portfolio levels of factor exposure and diversification for the Composite Index
and Composite Factor approaches. In Section 3 we analyze the simplest multi-factor case, of two factors.
This provides insight into the subtle interplay between levels of portfolio diversification, factor exposure
and factor correlation of each construction technique. In Section 4, we examine the case of three factors
where the symmetry (induced by a single correlation) of the two-factor case is lost. This provides support
that the conclusions of the two-factor case extend beyond two factors and to more general correlation
combinations. To make the calculations for four and five factor combinations tractable, in Section 5, we
consider the case where all factor correlations are equal. In Section 6 we construct single factor portfolio
sleeves that can be combined to form a Composite Index the manner outlined in [4]. We then construct
Composite Factor and Multiple Tilt portfolios with equivalent levels of diversification. Only then do we
calculate relative levels of factor exposure and plot them as a function of correlation. In Section 7 we
present our conclusions.
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2 Exposure and Diversification
In this Section we make extensive use of the formalism and results set out in [1]. That is, we assume
multiple factors 𝑋1 , … , 𝑋𝑁 are each distributed according to the normal distribution:

𝑃(𝑥) =

1

1
Exp (− 𝑥 2 )
2
√2𝜋

(1)

and are jointly distributed according to the multivariate normal distribution:

𝑃(𝝆, 𝑥1 , … , 𝑥𝑁 ) = Exp (−

1 𝑇 −𝟏
𝒙 𝜮 𝒙) /√(2𝜋)𝑁 |𝜮|
2

(2)

where 𝝆 is the factor correlation matrix whose elements are defined by:

𝜌𝑖𝑗 =

𝛴𝑖𝑗
𝜎𝑋𝑖 ∗ 𝜎𝑋𝑗

(3)

where 𝛴𝑖𝑗 = Cov(𝑋𝑖 , 𝑋𝑗 ) are the elements of the covariance matrix 𝜮 and 𝜎𝑋𝑖 is the square root of the
variance of 𝑋𝑖 .
In the next three sub-sections we present the mathematics of constructing multi-factor tilt portfolios based
on the Composite Factor, Composite Index and Multiple Tilt approaches. These results are general and
do not depend on a particular choice of tilt function.
In sub-section 2.4 we show that setting the tilt function to a step function results in the Selection and
Weighting construction that we seek for the Composite Factor and Composite Index portfolios. The
functional form of variable powers of the Cumulative Normal is used for the Multiple Tilt portfolio.

2.1

Composite Factor

For a Composite Factor, we define a composite z-score 𝑍 , with mean zero and standard deviation one,
by:

𝑍=

𝛼1 𝑋1 + 𝛼2 𝑋2 + … + 𝛼𝑁 𝑋𝑁
𝜎

(4)

where 𝜎 = √∑𝑖 ∑𝑗 𝜌𝑖𝑗 𝛼𝑖 𝛼𝑗 and the 𝛼𝑖 are a set of real numbers. We shall see that the 𝛼𝑖 determine the
relative strengths of factor exposures when we tilt using this Composite Factor.
Let 𝐹(𝑥) be a general tilt function as discussed in [1]. Then the result of tilting via the Composite Factor
results in the following expression for the exposure to the 𝑖 𝑡ℎ factor:

∞

𝐸𝑋𝑖

[𝑊 𝑇

[𝐹(𝑧)]] =

∬−∞ 𝑃(𝝆, 𝑥1 , … , 𝑥𝑁 ) 𝐹(𝑧) 𝑥𝑖 𝑑𝑥1 … 𝑑𝑥𝑁
∞

∬−∞ 𝑃(𝝆, 𝑥1 , … , 𝑥𝑁 ) 𝐹(𝑧) 𝑑𝑥1 … 𝑑𝑥𝑁
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It is relatively straight forward to use (4) to eliminate, say 𝑥𝑗 where 𝑗 ≠ 𝑖 and then successively apply the
integral identities set out in [1] to obtain:

∞

𝐸𝑋𝑖

where 𝜌𝑋𝑖𝑍 =

[𝑊 𝑇

[𝐹(𝑧)]] =

∑𝑗 𝜌𝑖𝑗 𝛼𝑗
𝜎

∬−∞ 𝑃(𝜌𝑋𝑖𝑍 , 𝑥𝑖 , 𝑧)𝐹(𝑧)𝑥𝑖 ⅆ𝑥𝑖 ⅆ𝑧
∞

∬−∞ 𝑃(𝜌𝑋𝑖𝑍 , 𝑥𝑖 , 𝑧)𝐹(𝑧) ⅆ𝑥𝑖 ⅆ𝑧

= 𝜌𝑋𝑖𝑍 𝐸𝑋 [𝑊 𝑇 [𝐹(𝑥)]]

(6)

is the correlation between the 𝑖 𝑡ℎ factor and the Composite Factor and

∞

𝐸𝑋

[𝑊 𝑇

[𝐹(𝑥)]] =

∫−∞ 𝑃(𝑥) 𝐹(𝑥) 𝑥 𝑑𝑥

(7)

∞

∫−∞ 𝑃(𝑥) 𝐹(𝑥) 𝑑𝑥

is the expression for single factor exposure. In other words, the exposure to factor 𝑋𝑖 obtained by tilting to
a Composite Factor is 𝜌𝑋𝑖𝑍 times the single factor exposure.
For levels of concentration we use the Herfindahl measure [7] extended to the continuous case as was
outlined in [1]. Again, the transformation of variables and use of the integral identities in [1] yields:

∞

𝑇

𝐶[𝑊 [𝐹(𝑧)]] =

∬−∞ 𝑃(𝝆, 𝑥1 , … , 𝑥𝑁 ) 𝐹(𝑧)2 𝑑𝑥1 … 𝑑𝑥𝑁
∞
[∬−∞ 𝑃(𝝆, 𝑥1 , … , 𝑥𝑁 ) 𝐹(𝑧)

𝑑𝑥1 … 𝑑𝑥𝑁 ]

2

= 𝐶[𝑊 𝑇 [𝐹(𝑥)]]

(8)

where the expression for the single factor concentration can be written:

𝐶[𝑊 𝑇 [𝐹(𝑥)]] =

𝐼[𝐹 2 ]
𝐼[𝐹]2

(9)

with 𝐼[𝐹] defined by:

∞

𝐼[𝐹] = ∫ 𝑃(𝑥) 𝐹(𝑥) 𝑑𝑥

(10)

−∞

That is, for a Composite Factor, concentration is equal to the single factor concentration. Diversification
or Effective N is defined as the reciprocal of concentration. This achieves its maximum (one) in the case
of equal weight and therefore we will follow the convention of calculating it as a percentage of this
maximum.
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2.2

Composite Index

Recall from [1] that for a Composite Index, exposure to 𝑖 𝑡ℎ factor, 𝑋𝑖 , of an N factor portfolio can be
written as:

𝑁

𝐸𝑋𝑖

[𝑊 𝐶

[𝐹1 (𝑥1 ), . . , 𝐹𝑁 (𝑥𝑁 )] ] = ∑ 𝛽𝑗 ∗ 𝜌𝑖𝑗 ∗ 𝐸𝑋𝑗 [𝑊 𝑇 [𝐹𝑗 (𝑥𝑗 )]]

(11)

𝑗=1

where the 𝛽𝑗 > 0 and sum to one. That is, the level of exposure to factor 𝑋𝑖 is a linear sum of its
correlations with the other factors multiplied by the single factor exposure of each of the other factors. For
levels of concentration we have:

𝐶[𝑊 𝐶 [𝐹1 (𝑥1 ), . . , 𝐹𝑁 (𝑥𝑁 )]]
𝑁

𝑁

2

𝐶[𝑊 𝑇 [𝐹𝑖 (𝑥𝑖 )]]

= ∑ 𝛽𝑖 ∗
𝑖=1

+∑
𝑖,𝑗≠𝑖

𝛽𝑗
𝛽𝑖
∗
∗ 𝐺[𝜌𝑖𝑗 , 𝐹𝑖 (𝑥𝑖 ), 𝐹𝑗 (𝑥𝑗 )]
𝐼[𝐹𝑖 ] 𝐼[𝐹𝑗 ]

(12)

where the second summation is a double sum over 𝑖 and 𝑗 and 𝐺 is defined by:

∞

𝐺[𝜌𝑖𝑗 , 𝐹𝑖 (𝑥𝑖 ), 𝐹𝑗 (𝑥𝑗 )] = ∬ 𝑃(𝜌𝑖𝑗 , 𝑥𝑖 , 𝑥𝑗 ) 𝐹𝑖 (𝑥𝑖 ) ∗ 𝐹𝑗 (𝑥𝑗 ) 𝑑𝑥𝑖 𝑑𝑥𝑗

(13)

−∞

In other words, the concentration of the Composite Index is a linear sum of the single factor portfolio
sleeve concentrations plus a term that involves the sum of an integral expression involving the pairwise
correlations of the factors and their tilt functions.

2.3

Multiple Tilt

Expressions for the exposure and concentration of the Multiple Tilt portfolio are set out in [1]. They are:

∞

𝐸𝑋𝑖

[𝑊 𝑇

[𝐹1 (𝑥1 ) ∗ … ∗ 𝐹𝑁 (𝑥𝑁 )]] =

∬−∞ 𝑃(𝝆, 𝑥1 , … , 𝑥𝑁 ) 𝐹1 (𝑥1 ) ∗ … ∗ 𝐹𝑁 (𝑥𝑁 ) 𝑥𝑖 𝑑𝑥1 … 𝑑𝑥𝑁
∞

∬−∞ 𝑃(𝝆, 𝑥1 , … , 𝑥𝑁 ) 𝐹1 (𝑥1 ) ∗ … ∗ 𝐹𝑁 (𝑥𝑁 ) 𝑑𝑥1 … 𝑑𝑥𝑁

(14)

And
∞

𝑇

𝐶[𝑊 [𝐹1 (𝑥1 ) ∗ … ∗ 𝐹𝑁 (𝑥𝑁 )]] =

∬−∞ 𝑃(𝝆, 𝑥1 , … , 𝑥𝑁 ) 𝐹𝑖 (𝑥1 )2 ∗ … ∗ 𝐹𝑁 (𝑥𝑁 )2 𝑑𝑥1 … 𝑑𝑥𝑁
∞

2

[∬−∞ 𝑃(𝝆, 𝑥1 , … , 𝑥𝑁 ) 𝐹𝑖 (𝑥1 ) ∗ … ∗ 𝐹𝑁 (𝑥𝑁 ) 𝑑𝑥1 … 𝑑𝑥𝑁 ]

(15)

Note that unlike for the Composite Factor and the Composite Index, in general, these integrals cannot be
simplified to ones of a lower dimension. This makes evaluating them for more than three factors
numerically demanding.
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2.4

Functional Forms for the Tilt Function

Up to this point the tilt functions 𝐹𝑖 (𝑥) have been quite general. We now take specific functional forms for
our three construction techniques.
For the Composite Index and Composite Factor, Selection and Weighting corresponds to choosing the
step function as a tilt function:

𝐻(𝑥) = {

𝑥 < 𝑆 −1 (𝑝)
𝑥 ≥ 𝑆 −1 (𝑝)

0 𝑓𝑜𝑟
1 𝑓𝑜𝑟

(16)

where 𝑆 −1 is the inverse of the Cumulative Normal function:

𝑥

𝑆(𝑥) = ∫ 𝑃(𝑦) 𝑑𝑦 =
−∞

1
𝑥
[1 + Erf ( )]
2
√2

(17)

As remarked in [1] tilting using 𝐻(𝑥) is equivalent to selecting the 𝑝𝑡ℎ percentile by factor and then
applying an equal weighting scheme.
From [1] we have the following expression for the single factor exposure and concentration:

2
1 −1
(𝑝)]

𝐸𝑋 [𝑊 𝑇 [𝐻(𝑥)]] =

ⅇ −2[S

√2𝜋(1 − 𝑝)

and

𝐶[𝑊 𝑇 [𝐻(𝑥)]] =

1
1−𝑝

(18)

Hence the expressions for the Composite Factor exposure and concentration are:

2
1 −1
(𝑝)]

𝐸𝑋𝑖 [𝑊 𝑇 [𝐹(𝑧)]] = 𝜌𝑋𝑖𝑍

ⅇ −2[S

√2𝜋(1 − 𝑝)

and

𝐶[𝑊 𝑇 [𝐹(𝑧)]] =

1
1−𝑝

(19)

For the Composite Index, the factor exposure is:

2
1 −1
(𝑝)]

𝑁

𝐸𝑋𝑖 [𝑊 𝐶 [𝐻(𝑥1 ), . . , 𝐻(𝑥𝑁 )] ] = ∑ 𝛽𝑗 ∗ 𝜌𝑖𝑗 ∗
𝑗=1

ⅇ −2[S

√2𝜋(1 − 𝑝)

(20)

and the concentration is:

𝑁

𝐶[𝑊 𝐶 [𝐻(𝑥1 ), . . , 𝐻(𝑥𝑁 )]]

𝑁

1
1
=
∑ 𝛽𝑖 2 +
∑ 𝛽𝑖 ∗ 𝛽𝑗 ∗ 𝐺[𝜌𝑖𝑗 , 𝐻(𝑥𝑖 ), 𝐻(𝑥𝑗 )]
(1 − 𝑝)2
1−𝑝
𝑖=1

(21)

𝑖,𝑗≠𝑖
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For the Multiple Tilt, our choice of tilt function consists of positive powers of the Cumulative Normal. The
equations for the exposure and concentration are therefore:

∞

𝐸𝑋𝑖

[𝑊 𝑇

𝛾1

[𝑆(𝑥1 )

𝛾𝑁

∗ … ∗ 𝑆(𝑥𝑁 ) ]] =

∬−∞ 𝑃(𝝆, 𝑥1 , … , 𝑥𝑁 ) 𝑆(𝑥1 )𝛾1 ∗ … ∗ 𝑆(𝑥𝑁 )𝛾𝑁 𝑥𝑖 𝑑𝑥1 … 𝑑𝑥𝑁
∞

∬−∞ 𝑃(𝝆, 𝑥1 , … , 𝑥𝑁 ) 𝑆(𝑥1 )𝛾1 ∗ … ∗ 𝑆(𝑥𝑁 )𝛾𝑁 𝑑𝑥1 … 𝑑𝑥𝑁

(22)

And

∞

𝑇

𝛾1

𝛾𝑁

𝐶[𝑊 [𝑆(𝑥1 ) ∗ … ∗ 𝑆(𝑥𝑁 ) ]] =

∬−∞ 𝑃(𝝆, 𝑥1 , … , 𝑥𝑁 ) 𝑆(𝑥1 )2𝛾1 ∗ … ∗ 𝑆(𝑥𝑁 )2𝛾𝑁 𝑑𝑥1 … 𝑑𝑥𝑁
∞

[∬−∞ 𝑃(𝝆, 𝑥1 , … , 𝑥𝑁 ) 𝑆(𝑥1 )𝛾1 ∗ … ∗ 𝑆(𝑥𝑁 )𝛾𝑁 𝑑𝑥1 … 𝑑𝑥𝑁 ]

2

(23)

where the 𝛾𝑖 are real and positive and relate to the strength of the tilt. To “tilt away” from a factor the sign
of the z-score inside the argument of the Cumulative Normal is reversed.
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3 The Two Factor Case
In a previous paper [1] we demonstrated the exposure and diversification trade-off of a Multiple Tilt Index
and a Composite Index. In this document, we extend our results to encompass Multiple Tilt, Composite
Factor and Composite Indexes, and illustrate the exposure and diversification trade-off for cases of
positive, zero and negative correlation.
Figure 1 shows that for positive correlation (+0.5), the Multiple Tilt exhibits a greater level of
diversification for any reasonable level of factor exposure than the other two techniques. Interestingly, for
lower levels of factor exposure, the Composite Index exhibits slightly greater levels of diversification than
the Composite Factor.

Figure 1: Factor Exposure and Effective N Profiles: Correlation = +0.5
100%
90%
80%

Effective N

70%
60%
50%

Composite Index

40%

Composite Factor

30%

Multiple Tilt

20%
10%
0%
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Exposure
Source: FTSE Russell. All data is hypothetical and for illustrative purposes only.

If the two factors of interest are independent (zero correlation), Figure 2 shows that the trade-off of the
Multiple Tilt approach is always superior to that of the Composite Index and superior or roughly
equivalent to that of a Composite Factor. The Composite Factor dominates the Composite Index only at
higher levels of factor exposure.
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Figure 2: Factor Exposure and Effective N Profiles: Correlation = 0.0
100%
90%
80%

Effective N

70%
60%
50%

Composite Index

40%

Composite Factor

30%

Multiple Tilt

20%
10%
0%
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

Exposure
Source: FTSE Russell. All data is hypothetical and for illustrative purposes only.

When the two factors are negatively correlated (-0.5) Figure 3 shows that the Composite Index exhibits
the poorest diversification/factor exposure trade-off. For levels of factor exposure in excess of about 0.5,
the Composite Factor displays a marginally better trade-off than the Multiple Tilt.

Figure 3: Exposure and Effective N Profiles: Correlation = -0.5
100%
90%
80%

Effective N

70%
60%
50%

Composite Index

40%

Composite Factor

30%

Multiple Tilt

20%
10%
0%
0

0.2

0.4

0.6

0.8

1

1.2

Exposure
Source: FTSE Russell. All data is hypothetical and for illustrative purposes only.

These results suggest that, at least in the two factor case, the Multiple Tilt may be viewed as an “All
Weather” approach to the construction of multi-factor indexes. That is, it always exhibits a superior
exposure-diversification trade-off compared to the Composite Index and is generally better than the
Composite Factor for alternative levels of correlation, diversification and exposure.
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4 The Three Factor Case
As remarked in [1], most cases of interest are covered by considering the following factor correlation
permutations (+0.3,+0.3,+0.3), (+0.3,+0.3,-0.3), (+0.3,-0.3,-0.3) and (-0.3,-0.3,-0.3). Here the magnitude
of “0.3” is chosen to correspond to typical empirical levels of factor (anti-) correlation. To simplify further,
we examine the case when the various parameters used in our competing portfolio constructions are
chosen to equalize the exposure to each factor, that is:

𝐸𝑋 [𝑊] = 𝐸𝑌 [𝑊] = 𝐸𝑍 [𝑊]

(24)

where “𝑊” represents each of our weighting functions and the three factors are 𝑋, 𝑌 and 𝑍. It turns out
that for both the Composite Factor and Composite Index, (24) is equivalent to solving the linear
equations:

𝛼1 + 𝛼2 𝜌12 + 𝛼3 𝜌13 = 𝛼2 + 𝛼1 𝜌12 + 𝛼3 𝜌23 = 𝛼3 + 𝛼1 𝜌13 + 𝛼2 𝜌23

(25)

where 𝛽𝑖 will replace 𝛼𝑖 for the Composite Index . Solving this equation for 𝛼𝑖 (or for 𝛽𝑖 ) will ensure our
three factor exposures are equal to one another. It is then a simple matter to choose the selection
percentile for each sleeve of the Composite Index portfolios and that for the Composite Factor portfolio to
attain the desired magnitude for these exposures.
Figures 4, 5, 6 and 7 show the trade-off between diversification and factor exposure for each set of
correlations. The trade-off for the Multiple Tilt is always better than that of the Composite Index as was
previously shown in [1]. The plots for the Composite Index and Composite Factor cross so that, for each
correlation set and below a given exposure level, the Composite Index dominates the Composite Factor.
Note that as the number of negative correlations increases, the exposure threshold at which this crossover occurs becomes progressively smaller.

Figure 4: Exposure and Effective N Profiles: Correlations +0.3, +0.3 and +0.3
100%
90%
80%

Effective N

70%
60%
50%

Composite Index

40%

Composite Factor

30%

Multiple Tilt

20%
10%
0%
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

Exposure
Source: FTSE Russell. All data is hypothetical and for illustrative purposes only.
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Figure 5: Exposure and Effective N Profiles: Correlations +0.3, +0.3 and -0.3
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Source: FTSE Russell. All data is hypothetical and for illustrative purposes only.

Figure 6: Exposure and Effective N Profiles: Correlations +0.3, -0.3 and -0.3
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Source: FTSE Russell. All data is hypothetical and for illustrative purposes only.
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Figure 7: Exposure and Effective N Profiles: Correlations -0.3, -0.3 and -0.3
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Source: FTSE Russell. All data is hypothetical and for illustrative purposes only.

For each correlation combination, at higher levels of factor exposure the lines of the Multiple Tilt and
Composite Factor cross. This becomes most apparent for the triple negative set of correlations (Figure 7)
at exposures greater than about 0.3.
Despite this, and unlike the Composite Factor, the Multiple Tilt always has a superior trade-off compared
to the Composite Index for any level of correlation or exposure. The “All Weather” conclusion drawn for
the Multiple Tilt approach, from an examination of the behavior of two factors, thus extends to the three
factor case.
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5 The Four and Five Factor Cases
In the case of more than three factors, evaluation of the four and five-dimensional integrals for the
Multiple Tilt portfolio becomes challenging. However, this is tractable using common numerical methods
when all correlations between factors are set to the same value, say 𝜌.
In sub-sections 5.1, 5.2 and 5.3 we document the simplified expressions for the Composite Factor,
Composite Index and the Multiple Tilt portfolios under this assumption. In sub-sections 5.4 and 5.5 we
display the exposure/diversification trade-off graphs for positive and negative correlations for four and five
factors respectively.

5.1 Composite Factor
For the Composite Factor, setting all 𝛼𝑖 equal to one in (19) to obtain equal factor exposure, gives:
2
1 −1
(𝑝)]

− [S
√1 + (𝑁 − 1)𝜌 ⅇ 2
𝐸𝑋𝑖 [𝑊 𝑇 [𝐻(𝑧, 𝑝)]] =
∙
√𝑁
√2𝜋(1 − 𝑝)

(26)

Concentration is given by the single factor expression:

𝐶[𝑊 𝑇 [𝐻(𝑧, 𝑝)]] =

1
1−𝑝

(27)

5.2 Composite Index
For the Composite Index, setting all 𝛽𝑖 = 1/𝑁 in (20) yields the following expression for factor exposure:
2
1 −1
(𝑝)]

𝐸𝑋𝑖

[𝑊 𝐶

1
ⅇ −2[S
[𝐻(𝑥1 ), . . , 𝐻(𝑥𝑁 )] ] = [1 + (𝑁 − 1)𝜌]
𝑁
√2𝜋(1 − 𝑝)

(28)

and (21) gives the concentration as:

𝐶[𝑊 𝐶 [𝐻(𝑥1 ), . . , 𝐻(𝑥𝑁 )]] =

(𝑁 − 1)
1
+
𝐺[𝜌, 𝐻(𝑥𝑖 ), 𝐻(𝑥𝑗 )]
𝑁(1 − 𝑝)
𝑁(1 − 𝑝)2

(29)

5.3 Multiple Tilt
Since all the correlations are identical, equal exposure can be achieved by setting all 𝛾𝑖 = 𝛾 in equations
(22) and (23). Unlike for the Composite Index and Composite Factor we have been unable to find simple
analytical expressions for these integrals and therefore we evaluate them numerically.
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5.4 Four Factors
Figure 8 shows the trade-off for the three construction methodologies when the correlations are all
positive and equal to +0.2 (this magnitude is chosen for the correlations rather than “0.3” for reasons that
will become apparent in the five factor case). The Composite Index demonstrates a superior trade-off to
the Composite Factor for exposures less than about 0.5, but an inferior trade-off at exposures greater
than this. However, the Composite Index is always inferior to the Multiple Tilt. Figure 9 shows the tradeoffs when all the correlations are negative.

Figure 8: Exposure and Effective N Profiles: Correlations = +0.2
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Source: FTSE Russell. All data is hypothetical and for illustrative purposes only.

Figure 9: Exposure and Effective N Profiles: Correlations = -0.2
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Source: FTSE Russell. All data is hypothetical and for illustrative purposes only.
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The cross-over point for the Composite index and Composite Factor now sits at an exposure of less than
0.1. A similar cross over point exists for the Composite Factor and the Multiple Tilt at an exposure of
about 0.2.

5.5 Five Factors
For five factors it becomes clear why we have chosen 𝜌 = ±0.2 for the calculations in this section. When
we set 𝑁 = 5 and say, 𝜌 = −0.3 (as for our three factor case), equation (26) takes on an imaginary
value. This implies there is no solution for a Composite Factor portfolio with equal positive exposure to all
five factors in this case. This is also true for the Composite Index, where equation (28) would yield
negative exposures. Setting 𝜌 = ±0.2 ensures there is always a solution for both the Composite Factor
and the Composite Index.
Figure 10 shows the trade-off for the three construction methodologies when the correlations are all
positive.

Figure 10: Exposure and Effective N Profiles: Correlations = +0.2
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Source: FTSE Russell. All data is hypothetical and for illustrative purposes only.

Clearly the Composite Index is superior to the Composite Factor for exposures less than about 0.5, but is
always inferior to the Multiple Tilt at all levels of exposure.
Figure 11 shows the trade-offs when all the correlations are negative. It is clear that for exposures greater
than 0.1, that the Composite Index rapidly becomes too concentrated to yield practical portfolios.
However, the Bottom-up Composite Factor and Multiple Tilt approaches yield portfolios with acceptable
levels of diversification for exposures up to 0.2 and beyond.
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Figure 11: Exposure and Effective N Profiles: Correlations = -0.2
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In summary, for two, three, four and five factors we have found that for alternative correlations there is a
specific exposure level below which the Composite Index results in a greater degree of diversification
than the Composite Factor approach. These results are consistent with those found empirically in [2].
However, it is important to note that as the number or absolute size of negative correlations between
factors increases, this switching point occurs at progressively lower levels of exposure. Indeed for certain
exposure targets, a sensibly diversified Top-down Composite Index does not exist!
However, all of the above does not mean that a Top-down approach is a better option when a low level of
factor exposure is sought. The Bottom-up Multiple Tilt always displays a superior exposure-diversification
trade-off compared to the Top-down Composite Index.
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6 Relative Exposure: Matching Levels of Diversification
In this Section we compare the (multi) factor exposures of a Top-down approach based on a Composite
Index to that of Bottom-up approaches based on the Composite Factor and Multiple Tilt. We do this by
first matching the level of diversification for a given degree of factor correlation and then comparing
relative levels of factor exposure. We believe that the matching of diversification is the crucial element
omitted from the analyses of [3] and [4] and allows us to make truly “like for like” comparisons.
Following [3] and [4] we construct the Top-down Composite Index from separate factor sleeves based on
the top 10% and 50% of the selection universe. We then construct Bottom-up portfolios with identical
levels of portfolio diversification. Finally, we calculate the relative factor exposure of the Bottom-up to
Top-down portfolios.
Here as in [4], we assume that all correlations between the multiple factors are equal to a certain value 𝜌
and examine solutions where all 𝑁 factor exposures are equal. Hence, we can use the expressions for
the Composite Factor, Composite Index and Multiple Tilt given in Section 5.

6.1 Composite Factor versus Composite Index
Let the selection percentile of a single sleeve used to form the Composite Index be 𝑝𝐶𝐼 and the selection
percentile in Composite Factor that yields identical portfolio diversification be 𝑝𝐶𝐹 . Then it is relatively
straight forward to show, on setting equation (27) with 𝑝 = 𝑝𝐶𝐹 equal to (29) with 𝑝 = 𝑝𝐶𝐼 , that 𝑝𝐶𝐹 is
given by:

𝑝𝐶𝐹 = 𝑉[𝑁, 𝜌, 𝑝𝐶𝐼 ] =

(𝑁 − 1){𝐺[𝜌, 𝐻(𝑥𝑖 ), 𝐻(𝑥𝑗 )] + 𝑝𝐶𝐼 − 1} + 𝑁(1 − 𝑝𝐶𝐼 ) 𝑝𝐶𝐼
(𝑁 − 1){𝐺[𝜌, 𝐻(𝑥𝑖 ), 𝐻(𝑥𝑗 )] + 𝑝𝐶𝐼 − 1} + 𝑁(1 − 𝑝𝐶𝐼 )

(30)

Substituting this percentile into (26) gives the Composite Factor exposure. It follows that the relative
exposure levels of a Composite Index to a Composite Factor for identical levels of diversification can be
written:

Exposure Ratio =

2
2
1 −1
1
(𝑝𝐶𝐼 )] − [S−1 (𝑉[𝑁,𝜌,𝑝𝐶𝐼])]
2
[

ⅇ2[S

(1 − 𝑝𝐶𝐼 ) + (𝑁 − 1) 𝐺[𝜌, 𝐻(𝑥𝑖 ), 𝐻(𝑥𝑗 )]]

(31)

√𝑁√1 + (𝑁 − 1)𝜌 (1 − 𝑝𝐶𝐼 )

It is instructive to compare this with the ratio given in [4] that does not equalize for diversification. The
expression in [4] compares the factor exposure ratio for equivalent levels of selection and is simply
obtained by dividing (26) by (28) with 𝑝 = 𝑝𝐶𝐼 = 𝑝𝐶𝐹 .
Figure 12 shows how this Exposure Ratio varies with correlation when single factor sleeves are
constructed from the top 10% of stocks. A Composite Factor portfolio with the same degree of
diversification as a Composite Index portfolio has greater levels of factor exposure when correlation is
less than about 0.5. The ratio becomes larger for more negative correlations and is more pronounced for
greater numbers of factors. For correlations in excess of 0.5 the Composite Index has a slightly higher
exposure than the Composite Factor (i.e. the ratio is less than one). This result is quite different from that
found in [4] where the Exposure Ratio was always greater than one for all factor combinations and
correlations. This highlights the importance of matching the levels of diversification of competing
portfolios before comparing factor exposures.
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Figure 12: Relative Exposure of Composite Factor to Composite Index: Top 10% Selection
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Source: FTSE Russell. All data is hypothetical and for illustrative purposes only.

Figure 13 shows the equivalent results when the single factor sleeves are constructed by selecting the
top 50% of stocks. The resulting multi-factor portfolios are therefore less concentrated. It is now more
apparent that whether the Composite Factor portfolio exhibits a greater level of factor exposure or not
depends on the precise level of correlation and number of factors. Specifically, for correlation greater
than about -0.18, the Exposure Ratio for all multi-factor combinations is less than one i.e. the Composite
Index attains a greater level of exposure. As one would expect, exposure parity is only attained again in
the limit of perfect positive correlation of 1.0.

Figure 13: Relative Exposure of Composite Factor to Composite Index: Top 50% Selection
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Source: FTSE Russell. All data is hypothetical and for illustrative purposes only.
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We conclude therefore, that a Composite Factor approach is more likely to yield a superior exposure
diversification trade-off than the Composite Index when we have more concentrated (high exposure
target) portfolios with more factors whose correlation is low or negative. Conversely, for less
concentrated (low exposure target) portfolios, with fewer positively correlated factors the Composite
Index is more likely to provide a better trade-off.
Finally, we consider the case where factors are independent, that is when 𝜌 = 0. In this case we have a
simple closed form expression 𝐺[0, 𝐻(𝑥𝑖 ), 𝐻(𝑥𝑗 )] = (1 − 𝑝𝐶𝐼 )2 , and hence

𝑝𝐶𝐹 = 𝑉[𝑁, 0, 𝑝𝐶𝐼 ] =

𝑝𝐶𝐼
𝑝𝐶𝐼 + 𝑁(1 − 𝑝𝐶𝐼 )

(32)

The Exposure Ratio becomes:

Exposure Ratio =

ⅇ

2
2
𝑝𝐶𝐼
1 −1
1 −1
[S (𝑝𝐶𝐼 )] − [S (
)]
2
2
𝑝𝐶𝐼+𝑁(1− 𝑝𝐶𝐼 )

[ 𝑝𝐶𝐼 + 𝑁(1 − 𝑝𝐶𝐼 )]

(33)

√𝑁

This is very different from the value of √𝑁 found in [4]. The difference can be seen in Figure 14 where we
have plotted this ratio as a function of the number of factors when the top 10% and 50% of stocks are
selected to form the individual portfolio sleeves.

Figure 14: Relative Exposure as a Function of Number of Factors: Zero Correlation
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Source: FTSE Russell. All data is hypothetical and for illustrative purposes only.

Once we match levels of diversification, relative exposure depends not only on the number of factors, but
also on how concentrated the sleeves are. The Composite Index provides a better trade-off for more
diversified/lower exposure portfolios (50% Selection). The Composite Factor is superior for higher levels
of concentration and exposure (10% Selection).
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6.2 Multiple Tilt versus Composite Index
We now calculate the equivalent relative exposure metric of the Multiple Tilt versus the Composite index.
Again, we are careful to match the levels of diversification before doing this.
Figures 15 and 16 show the results for the Multiple Tilt with the same level of diversification as Composite
Indexes constructed from the top 10% and 50% portfolio sleeves respectively. Note that for both sets of
portfolios, for all numbers of factors and for all correlations the Exposure Ratio is always greater than
one, i.e. the Multiple Tilt always displays a superior factor exposure diversification trade-off compared to
the Composite Index. Typically, this advantage is more pronounced for more concentrated (high
exposure target) portfolios with more factors that are negatively correlated. However, in contrast to the
Composite Factor approach, a Multiple Tilt is also superior to the Composite Index for more diverse
portfolios and positively correlated factors.

Figure 15: Relative Exposure of Multiple Tilt to Composite Index: Top 10% Selection
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Figure 16: Relative Exposure of Multiple Tilt to Composite Index: Top 50% Selection
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In the case of zero correlation we have the simple expression for concentration derived in [1]:

𝐶[𝑊 𝑇 [𝑆(𝑥1 )𝑛 , . . , 𝑆(𝑥𝑁 )𝑛 ]]

(𝑛 + 1)2
={
}
(2𝑛 + 1)

𝑁

(34)

Setting this equal to (29) with correlation equal to zero gives:
𝑁

(𝑛 + 1)2
1
(𝑁 − 1)
+
= 𝐴[𝑝, 𝑁]
{
} =
(2𝑛 + 1)
𝑁 ∗ (1 − 𝑝)
𝑁

(35)

Solving this equation gives us the tilt power we should use for the Multiple Tilt to match the level of
diversification of the Composite Index:

𝑛[𝑝, 𝑁] = √𝐴[𝑝, 𝑁]1/𝑁 (𝐴[𝑝, 𝑁]1/𝑁 − 1) + (𝐴[𝑝, 𝑁]1/𝑁 − 1)

(36)

From [1] we also know that in the case of zero correlation, the multi-factor exposure of the Multiple Tilt is
identical to its single factor exposure, so we have:
2
1 −1
[S (𝑝)]

Exposure Ratio = √2𝜋 𝑁(1 − 𝑝) ⅇ2

𝑛[𝑝,𝑁]

(𝑛[𝑝, 𝑁] + 1) ∗ 𝐼 [𝑆(𝑥)

∗ 𝑥]

(37)

In Figure 17 we can now plot the exposure of the Multiple Tilt relative to the Composite Index as a
function of the number of factors when the correlation is zero.

Figure 17: Exposure Ratio as a Function of Number of Factors: Zero Correlation
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The Exposure Ratio is always greater than one for both the diverse (50%) and concentrated (10%)
portfolios. Therefore, in the case of many uncorrelated factors the Multiple Tilt always results in a superior
exposure-diversification trade-off than the Composite Index.
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7 Conclusions
In this paper we have examined three methods of multi-factor portfolio construction from the perspectives
of factor exposure and diversification. The Top-down Composite Index approach was compared with the
Bottom-up Composite Factor approach. We have seen that the factor exposure-diversification trade-off
favors the Composite Factor approach for concentrated/high exposure portfolios with many negatively
correlated factors. For more diverse/low exposure portfolios with fewer factors that are positively
correlated however, the Composite Index has the advantage. This is in marked contrast to the results
found in [3] and [4] where little account is taken of the diversification of the portfolios.
This does not however mean that the choice of a Top-down or a Bottom-up approach should be a
decision driven by exposure and diversification considerations. Such a conclusion has been drawn in
recent published reports [2, 6]. We believe the reason for this conclusion is primarily that the comparisons
rely on simple Top-down and Bottom-up construction techniques which fail to apply like-for-like
comparisons by simultaneously and precisely controlling for both levels of factor exposure and
diversification.
In contrast, we have shown that, under a simple set of theoretical assumptions, a Bottom-up approach
based on Multiple Tilting always provides a better exposure-diversification trade-off than a Top-down
Composite Index based on Selection and Weighting.
While our results are theoretical, there are practical implications. For example, in the case of two factors,
a 10% selection rule and a factor correlation of the order of -0.25, Figure 15 tells us that the Top-down
approach is approximately 30% less efficient in terms of factor capture compared to the Multiple Tilt with
identical levels of diversification. Assuming the long-run factor return is proportional to factor exposure,
this implies that if the Bottom-up Multiple Tilt approach delivers an excess return of, say 1.3% p.a., the
Top-down approach with the same level of portfolio diversification would leave 30 basis points p.a. on the
table.
It is clear that the Top-down versus Bottom-up debate can always be answered in favor of a Top-down
construction by comparing it to a poorly constructed caricature of a Bottom-up alternative [8]. However,
we tend to agree with [5] that, philosophically (and indeed mathematically) the more degrees of freedom
afforded by a Bottom-up approach should always guarantee that a Bottom-up construction can be found
that is better than any given Top-Down approach in terms of the effectiveness of the factor exposurediversification trade-off.
In this paper we have proposed one such Bottom-up approach whose exposure and diversification
properties are superior to those of one of the most popular Top-down multi-factor portfolio construction
techniques. The Multiple Tilt approach has the added virtue of being both transparent and intuitive.
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under licence, by FTSE, Russell, MTSNext, FTSE GDCM, Mergent, FTSE FI or YB. “TMX®” is a registered trademark of TSX Inc.
FTSE International Limited is authorised and regulated by the Financial Conduct Authority as a benchmark administrator.
All information is provided for information purposes only. All information and data contained in this publication is obtained by the
LSE Group, from sources believed by it to be accurate and reliable. Because of the possibility of human and mechanical error as
well as other factors, however, such information and data is provided "as is" without warranty of any kind. No member of the LSE
Group nor their respective directors, officers, employees, partners or licensors make any claim, prediction, warranty or
representation whatsoever, expressly or impliedly, either as to the accuracy, timeliness, completeness, merchantability of any
information or of results to be obtained from the use of the FTSE Russell Products or the fitness or suitability of the FTSE Russell
Products for any particular purpose to which they might be put. Any representation of historical data accessible through FTSE
Russell Products is provided for information purposes only and is not a reliable indicator of future performance.
No responsibility or liability can be accepted by any member of the LSE Group nor their respective directors, officers, employees,
partners or licensors for (a) any loss or damage in whole or in part caused by, resulting from, or relating to any error (negligent or
otherwise) or other circumstance involved in procuring, collecting, compiling, interpreting, analysing, editing, transcribing,
transmitting, communicating or delivering any such information or data or from use of this document or links to this document or (b)
any direct, indirect, special, consequential or incidental damages whatsoever, even if any member of the LSE Group is advised in
advance of the possibility of such damages, resulting from the use of, or inability to use, such information.
No member of the LSE Group nor their respective directors, officers, employees, partners or licensors provide investment advice
and nothing contained in this document or accessible through FTSE Russell Products, including statistical data and industry reports,
should be taken as constituting financial or investment advice or a financial promotion.
Past performance is no guarantee of future results. Charts and graphs are provided for illustrative purposes only. Index returns
shown may not represent the results of the actual trading of investable assets. Certain returns shown may reflect back-tested
performance. All performance presented prior to the index inception date is back-tested performance. Back-tested performance is
not actual performance, but is hypothetical. The back-test calculations are based on the same methodology that was in effect when
the index was officially launched. However, back- tested data may reflect the application of the index methodology with the benefit
of hindsight, and the historic calculations of an index may change from month to month based on revisions to the underlying
economic data used in the calculation of the index.
This publication may contain forward-looking assessments. These are based upon a number of assumptions concerning future
conditions that ultimately may prove to be inaccurate. Such forward-looking assessments are subject to risks and uncertainties and
may be affected by various factors that may cause actual results to differ materially. No member of the LSE Group nor their
licensors assume any duty to and do not undertake to update forward-looking assessments.
No part of this information may be reproduced, stored in a retrieval system or transmitted in any form or by any means, electronic,
mechanical, photocopying, recording or otherwise, without prior written permission of the applicable member of the LSE Group. Use
and distribution of the LSE Group data requires a licence from FTSE, Russell, FTSE GDCM, MTSNext, Mergent, FTSE FI, YB
and/or their respective licensors.
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About FTSE Russell
FTSE Russell is a leading global index provider creating and managing a wide range of indexes, data
and analytic solutions to meet client needs across asset classes, style and strategies. Covering 98% of
the investable market, FTSE Russell indexes offer a true picture of global markets, combined with the
specialist knowledge gained from developing local benchmarks around the world.
FTSE Russell index expertise and products are used extensively by institutional and retail investors
globally. For over 30 years, leading asset owners, asset managers, ETF providers and investment banks
have chosen FTSE Russell indexes to benchmark their investment performance and create investment
funds, ETFs, structured products and index-based derivatives. FTSE Russell indexes also provide clients
with tools for asset allocation, investment strategy analysis and risk management.
A core set of universal principles guides FTSE Russell index design and management: a transparent
rules-based methodology is informed by independent committees of leading market participants. FTSE
Russell is focused on index innovation and customer partnership applying the highest industry standards
and embracing the IOSCO Principles. FTSE Russell is wholly owned by London Stock Exchange Group.
For more information, visit ftserussell.com.

To learn more, visit ftserussell.com; email info@ftserussell.com; or call your regional
Client Service Team office:
EMEA
+44 (0) 20 7866 1810

FTSE Russell

North America
+1 877 503 6437

Asia-Pacific
Hong Kong +852 2164 3333
Tokyo +81 3 4563 6346
Sydney +61 (0) 2 8823 3521

