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1 Introduction
In this note, we illustrate that capitalization weighting, equal weighting and inverse market-capitalization weighting
schemes are special cases of a more general class of factor tilt indexes that embed specific and explicit levels of size
exposure.1 This is of direct relevance to the continuing debate regarding the performance outcomes of diversified
weighting schemes and, in particular, whether such outcomes stem from an inherent property of diversified weighting
schemes or is the result of traditional factor effects [8, 9]. We show that the fundamental relationship between all of these
weighting schemes is via a simple tilt, and that the strength of this tilt determines the levels of size exposure,
diversification and investment capacity.
Under the theoretical assumption that the market capitalisation of a broad universe of stocks is log-normally distributed,
we show that each of these metrics may be expressed as a function of the cross-sectional standard deviation of the
logarithm of market capitalization. The real-world distribution of market capitalization does not conform to this assumption;
however, there is evidence that is a reasonable approximation [2, 6]. The validity of this approximation is supported by the
fact that the theoretical predictions of our analytical model closely match empirical results.
Finally, we note that, since the tilt strength can be any real number, these three apparently different weighting schemes
are actually just stopping off points along a spectrum of size exposure. This suggests that portfolios exhibiting any desired
target level of size exposure, diversification and investment capacity are possible. In the context of well diversified
portfolios, performance outcomes are driven by the degree of size exposure with idiosyncratic effects becoming apparent
as portfolios become more concentrated.
The outline of this paper is as follows. In section 2, we assess whether the log market-capitalization distributional
assumption is valid for certain universes of stocks. In section 3, we demonstrate how market capitalization, equal and
inverse market-capitalization weighting schemes are related to each other by a simple tilting mechanism. In section 4, we
describe an analytical framework that may be used to derive theoretical relationships for the levels of factor exposure,
diversification and investment capacity of equal, market and inverse market-capitalization weighting schemes and
compare these theoretical predictions with our empirical findings. In section 5, we broaden our view to encompass the
entire spectrum of size exposure. We compare the theoretical expressions for factor exposure, diversification and
investment capacity with the empirically-derived values for these more general portfolios. We then go on to compare the
performance of outcomes of these alternative constructs. Section 6 concludes with additional thoughts regarding other
common portfolio-weighting schemes.

1

Throughout this paper, market capitalization and market capitalization weights refer to free-float adjusted measures of market
capitalization. However, our result are readily replicated using full measures of market capitalization.
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2 The distribution of market-capitalization weights
It has been noted that the cross-sectional distribution of weights (or equivalently market capitalization) in a marketcapitalization index is approximately log-normal [2, 6]. Mathematically, this implies that the distribution of the natural
logarithm of weights 𝑧 follows the normal distribution:

𝑃(𝜎, 𝜇, 𝑧) =

1
√2𝜋𝜎

Exp −

(𝑧 − 𝜇)
2𝜎

(1)

where the cross-sectional mean and standard deviation of the natural logarithm of market-capitalization weights are 𝜇 and
𝜎 respectively. We can assess whether this holds for a set of market capitalizations 𝑀𝐶𝐴𝑃 , with weights 𝑀 given by:

𝑀 =

𝑀𝐶𝐴𝑃
∑ 𝑀𝐶𝐴𝑃

(2)

by testing whether the resulting Z-Score follows a normal distribution with mean zero and standard deviation one.

𝑍 =

Log[𝑀 ] − 𝜇
𝜎

(3)

One simple way to do this is to plot the Cumulative Normal of 𝑍 , against its rank order in the universe. If 𝑍 is normally
distributed, these points should sit on a straight line through the origin. We do this for the March 2019 cross-section of the
FTSE Developed Index universe in Figure 1:
Figure 1: Cumulative Normal (Z) versus Rank (Z)
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Source: FTSE Russell. Data based on the FTSE Developed Index Universe from March 2019.
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It is clear, that for the March 2019 cross-section, the points form a straight line through the origin and therefore the
distribution of weights is very close to log-normal. A more precise test would be to calculate the R-Squared of a regression
line for these points that is constrained to pass through the origin. In this case, the R-Squared value is 0.99971, so the
linear relationship is an extremely good fit. We repeat this exercise for monthly slices of the FTSE Developed universe
and plot the R-Squared through time in Figure 2.
Figure 2: R-Squared Through Time, FTSE Developed Index
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Source: FTSE Russell. Data from September 2000 to March 2019.

The fit is very good throughout the period, as the R-Squared is always greater than 0.99. In Figure 2, we have also
included results under the assumption that the market-capitalization weights are distributed normally. The fit is poorer with
an R-Squared of less than 0.7.
We repeat this test for the FTSE Emerging Index and Russell 1000 Index universes in Figure 3.
Figure 3: R-Squared Through Time, FTSE Developed, FTSE Emerging and Russell 1000 Indexes
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Source: FTSE Russell. Data from September 2000 to March 2019.

The R-Squared is high and close to 1.0 for both the FTSE universes and always above 0.97 for the Russell 1000. Hence,
it appears that the assumption of log-normality is a fair representation of reality.
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3 Equal, market cap, and inverse market-cap weights
Given the log-normality of the market-capitalization weights, it is possible to derive a simple relationship between Equal,
Market Capitalization and Inverse Market-Capitalization Weights via the notion of factor tilting [4, 7]. Inverse MarketCapitalization Weights are simply the weights derived from the reciprocal of the Market Capitalization weights.
First, we define a Size characteristic. As most notions of size relate to the market-capitalization index, which is log-normal
in nature, a natural definition is:

𝑓𝑠𝑖𝑧𝑒 = −Log(𝑀𝐶𝐴𝑃 )

(4)

where 𝑀𝐶𝐴𝑃 represents the market capitalization of the 𝑖 stock. We have chosen a negative sign in (4) to be consistent
with the convention that the larger the Size characteristic, the smaller the market capitalization of a stock. This definition
ensures that the Size characteristic is distributed (more or less) normally.
Given this Size characteristic, it is a simple exercise to show that capitalization weights may be considered as a tilt on a
set of equal weights, according to the general formula:

𝑊 =

𝐸 Exp(𝑠 𝑍 )
∑ 𝐸 Exp(𝑠 𝑍 )

(5)

𝑓𝑠𝑖𝑧𝑒 − 𝜇
𝜎

(6)

where the Size Z-score is defined by:

𝑍 =

𝑠 is the power of the tilt, 𝐸 = 1⁄𝑁 are the set of equal weights, 𝑁 the number of stocks and 𝜇 and 𝜎 are the mean and
standard deviation of the Size characteristic respectively. This is easily verified by substituting (6) into (5) with 𝑠 = −𝜎
resulting in the usual expression for market capitalization weights (2).
Importantly, we have used the Exponential function as our tilt function because of the log-normality of marketcapitalization weights. In previous work [1, 4], we have used the Cumulative Normal as our tilt function. While it is possible
that tilting using the cumulative normal would result in a Size exposure equivalent to that of a market-capitalization
weighting, it would not precisely recover the exact market capitalization weights.
The expression (5) tells us that market-capitalization weights are related to equal weights by tilt using the exponential of 𝑍
raised to the power −𝜎. Of course, the power of such a tilt does not have to be −𝜎, it could take any value. In particular,
we have three different weighting schemes that are related to one another by tilting, using different powers of s where:

𝑠=

−𝜎
0
σ

Market-capitalization weights
Equal weights
Inverse market-capitalization weights

(7)

Therefore, it becomes clear that these three seemingly distinct weighting schemes are merely three points on a spectrum,
parameterized by Size exposure. We will explore the spectrum of potential Size portfolios in section 5.
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4 Exposure, diversification and capacity
In this section, we determine the Size exposure, weight diversification and investment capacity of each of the weighting
schemes described in the previous section. We do this in two ways. First, empirically, using standard expressions that can
be applied to the weights of any portfolio; and second, theoretically, using the log-normal property of the distribution of
market-capitalization weights.
Recall that the empirical expression for holdings-based factor exposure is:

𝐸 [𝑊] =

𝑊 ∗𝑍

(8)

where 𝑊 are a set of 𝑁 weights which sum to one, 𝑍 is the Z-Score defined by:

𝑍 =

𝑓 −𝜇
𝜎

(9)

and 𝜇 and 𝜎 the cross-sectional mean and standard deviation respectively of (factor) characteristic 𝑓 . For the Size
characteristic, equation (4) tells us that, 𝑓 = −Log(MCAP ).
The empirical expression for concentration is the Herfindahl [5] measure:

𝐶[𝑊] =

(10)

𝑊

Diversification, or “Effective N”, is defined as the reciprocal of concentration.
Finally, the empirical expression for the weighted-capacity ratio (WCR) is:

𝑊𝐶𝑅[𝑊] =

𝑊
𝑀

(11)

Where 𝑊 and the portfolio weights from (5) and 𝑀 are the market-capitalization weights, given by equation (2)
respectively. Index capacity is defined as the reciprocal of the WCR.
We can use the methodology and results set out in [4] to calculate theoretical expressions for each of the exposure,
concentration and capacity measures for any set of portfolio weights, resulting from a Size tilt given by (5). The equivalent
tilt function used in those theoretical expressions is:

𝐹[𝑧] = Exp[𝑠 𝑧]
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Writing 𝑃(𝑧) = 𝑃(1, 0, 𝑧), the Size exposure is given by:

𝐸 =

𝑃(𝑧) Exp(𝑠 𝑧) 𝑧 𝑑𝑧

∫

𝑃(𝑧) Exp(𝑠 𝑧) 𝑑𝑧

∫

(13)

=𝑠

and hence is equal in magnitude to the tilt power of the exponential.
Concentration can be written:

𝐶=

∫

𝑃(𝑧) Exp(2 𝑠 𝑧)𝑑𝑧

∫

𝑃(𝑧) Exp(𝑠 𝑧) 𝑑𝑧

=𝑒

(14)

and hence is equal to the exponential raised to the power of the Size exposure squared.
Extending the results of [4], the weighted capacity ratio or portfolio weighted sum of stock capacity ratios, is given by:

𝑊𝐶𝑅 = 𝑒

/

∫

𝑃(𝑧) Exp(𝜎 𝑧) Exp(2 𝑠 𝑧)𝑑𝑧
∫

= 𝑒(

)

(15)

𝑃(𝑧) Exp(𝑠 𝑧) 𝑑𝑧

In other words, the WCR is equal to the exponential of the square of the size exposure, plus the cross-sectional standard
deviation of the log of market capitalization.
Applying the values for 𝑠 given in equation (7) to these expressions yields the results summarized in Table 1 for each of
the three weighting schemes.
Table 1: Theoretical Levels of Exposure, Effective N and WCR

Theoretical Active Size Exposure
Theoretical Effective N
Theoretical WCR

MarketCapitalization Weight

Equal Weight

Inverse MarketCapitalization Weight

−𝜎

0

+𝜎

1

𝑒
1

𝑒

𝑒
𝑒

Source: FTSE Russell.
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The active Size exposure (relative to an equally weighted starting point), levels of diversification (Effective N) and 𝑊𝐶𝑅 of
each weighting scheme depends solely on the cross-sectional variance of the log of market capitalization. The levels of
diversification of a market and inverse market-capitalization weighted portfolio are identical, while that of the equallyweighted portfolio attains the maximum value of one.
The active Size exposure of the market and inverse market-capitalization weighting schemes are equal and opposite; that
of equal-weight portfolio is zero by definition. The WCR of an inverse market-capitalization weighting scheme is
substantially higher (i.e. worse) than that of the equal-weight portfolio which, in turn, is worse than the WCR of a marketcapitalization weighting scheme, which is one by definition.
The theoretical expressions above make precise predictions regarding the levels of active Size exposure, diversification
and investment capacity of equal, market and inverse market-capitalization weighted portfolios and relates these to the
standard deviation of the natural logarithm of market capitalization. In what follows, we test these relationships empirically
for the FTSE Developed Index universe.
Each quarter, we evaluate the theoretical or expected levels of Size exposure, diversification and investment capacity
using the results from Table 1 and the empirical cross-sectional standard deviation of the natural logarithm of market
capitalization for the FTSE Developed Index universe of stocks. Evaluation of expressions (8) to (11) permits the
determination of a set of empirical results using only the holdings and weightings of each weighting scheme.
In Figure 4, we plot the quarterly empirical results and theoretical predictions for levels of active Size exposure of an
equal, market and inverse market-capitalization weighted index for the FTSE Developed Index universe. The empirical
levels of active Size exposure exhibited by each weighting scheme closely approximate our theoretical predictions.
Figure 4: Empirical (E) and Theoretical (T) Active Size Exposure
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Source: FTSE Russell. Data based on the FTSE Developed Index Universe from September 2000 to March 2019.

We now plot the theoretical and empirical levels of Effective N relative to the total number of stocks in the universe for
each weighting scheme. This is 100% by construction (both theoretically and empirically) for an equally-weighted portfolio.
Figure 5 shows that the Effective N of the market capitalization and inverse market-capitalization weighted indexes are
comparable and close to their expected theoretical values (differences are around 5%). As we highlighted earlier, an
inverse market-capitalization weighting scheme does not result in more diversified outcomes relative to the equivalent
market capitalization weighted index.
Figure 5 confirms the theoretical message of Table 1: The diversification levels of the two approaches should be identical
under the log-normal assumption. An inverse market-capitalization weighted index is therefore an interesting example of
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an index with active Size (small cap) exposure that is not accompanied by high levels of diversification. Indeed, it exhibits
exactly the same level of diversification as the capitalization weighted index.

Eff N

Figure 5: Empirical (E) and Theoretical (T) Levels of Diversification (Effective N)
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Source: FTSE Russell. Data based on the FTSE Developed Index universe from September 2000 to March 2019.

Figure 6 compares the empirical and theoretical levels of investment capacity of each approach. The empirical
observations are again close to their expected theoretical values. The capitalization-weighted index has the greatest
investment capacity of 100% both theoretically and empirically. The theoretical and empirical capacity of the equallyweighted index is around 15-20%, compared to virtually zero for the inverse market-capitalization index.
Figure 6: Empirical (E) and Theoretical (T) Capacity Levels (1/WCR)
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Source: FTSE Russell. Data based on the FTSE Developed Index universe from September 2000 to March 2019.

The results in this section demonstrate strong agreement between our theoretical and empirical results for a broad
universe based on the FTSE Developed Index constituents.
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5 The size exposure spectrum
Up to this point we have focused our attention on three well-known weighting schemes; equal, market capitalization and
inverse market-capitalization weights. However, we observed in Section 3 that the tilt equation (5) allows us to view these
weighting schemes as merely three points along a spectrum of Size exposure. This raises the possibility that we can
choose the degree of Size exposure, diversification and investment capacity to suit our objectives by selecting
intermediate points.
In Figure 7, we plot Effective N versus Size exposure of the March 2019 universe of the FTSE Developed Index. We have
plotted both the theoretical results (grey) using the reciprocal of equation (14) and a selection of empirically realized
values (red). The empirical results are derived by applying a set of tilts that result in different levels Size exposure. The
alignment between the theoretical and empirical results is strong.
Figure 7: Diversification Versus Size Exposure: Theoretical and Empirical Results
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Source: FTSE Russell. Data based on the FTSE Developed Index universe from March 2019.

Diversification (or Effective N) reaches a maximum of one at zero Size exposure, corresponding to an equally-weighted
portfolio (E.W.). Note, the Effective N is low for both low and high Size exposure portfolios, consistent with our earlier
observation that high levels of Size (small cap) exposure does not always result in high levels of diversification.
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Figure 8 examines the Size exposure and investment capacity trade-off. The investment capacity of market-capitalization
weights (M.C.) is 100%, which declines steadily as the Size exposure increases. The empirical and theoretical results for
an equally-weighted portfolio (E.W.) are in excellent agreement at about 17%. Inverse market-capitalization weights
(I.M.C.) have very small levels of investment capacity, making such a portfolio, impractical.
Figure 8: Capacity Verses Size Exposure: Theoretical and Empirical Results
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Source: FTSE Russell. Data based on the FTSE Developed Index universe from March 2019.

These plots represent a single point in time. In order to show that the theoretical relationship between Size exposure,
diversification and capacity holds through time, we note that equation (14) can be written:

Sign[𝑠] −Log[Effective 𝑁] = 𝑠

(16)

Sign[𝑠 + 𝜎] −Log[Capacity] − 𝜎 = 𝑠

(17)

and equation (15) as

Each quarter, we generate twenty-one portfolios; ten with Size exposure ranging from that corresponding to the marketcapitalization weighted portfolio through to equal weighting, equal weighting, and ten culminating with inverse marketcapitalization weights. We can then calculate the R-Squared through time of the linear fits implied by equations (16) and
(17) between the observed levels of Size exposure, Effective N and investment capacity. This is shown in Figure 9.
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Figure 9: R-Squared of the Relationship between Size and Diversification and Size and Capacity
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Source: FTSE Russell. Data based on the FTSE Developed Index universe from September 2000 to March 2019.

Having seen how diversification and investment capacity varies with Size exposure, it is interesting to see how Size
exposure relates to performance. Figure 10 shows how excess return (evaluated over the period September 2000 to
March 2019) is related to Size exposure. Each point represents a portfolio (rebalanced quarterly), with Size exposure in
units of market-capitalization exposure − MC for exposures less than zero, and in units of inverse market-capitalization
exposure − IMC for exposures greater than zero. Hence MC represents the market-capitalization index; MC/2 represents
an index that has half the Size exposure of the market capitalization index etc.
Figure 10: Excess Return Versus Size Exposure
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Source: FTSE Russell. Data based on the FTSE Developed Index universe from September 2000 to March 2019. Past performance is no guarantee of
future results. Please see the end for important legal disclosures.
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The plot is more or less linear at lower levels of exposure but flattens off at higher levels of exposure. Note that we have
seen in Figures 7 and 8, that high levels of exposure are equated with low levels of diversification and investment
capacity. Hence, it is likely that, at these levels of Size exposure, idiosyncratic risk is beginning to influence the Size
premium.
Figure 10 explicitly demonstrates that the performance of these portfolios is directly related to their levels of exposure,
even though the relationship between return and individual stock exposure may be less certain. This directly addresses
the confusion some authors seem to have when they set the measurement of noisy stock level quantities against the
benefit of stable, and meaningful, portfolio level exposure [10].
Figure 11 shows how tracking error varies with Size exposure. The relationship is linear. This is exactly what one would
expect if Size is a risk factor. One implication of Figures 10 and 11 is that while we may choose where a portfolio may lie
on the exposure, expected-return and tracking-error spectrums, we cannot alter the Information Ratio associated with
such exposure.
Figure 11: Tracking Error Versus Size Exposure
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future results. Please see the end for important legal disclosures.

So, what does this all mean? It means that we can construct portfolios where we can choose the degree of diversification
and investment capacity to target levels of excess return and tracking error by varying the Size exposure. Therefore, the
application of the tilt equation (5) allows us to control many of the most important quantities involved in Size investing.
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6 Conclusions
We have presented a theoretical framework for examining the Size exposure, investment capacity and levels of
diversification of a series of alternative-portfolio weighting schemes spanning equal weighting, market capitalization and
inverse market capitalization. We have shown that each metric depends only on the cross-sectional dispersion in the log
of market capitalization under each weighting scheme. The theoretical active Size exposure of an inverse marketcapitalization weighted index is the standard deviation of the log of market capitalization.
Typically, diversification is the result of an implicit or explicit small capitalization tilt. However, our results show this is not
always so; inverse and market-capitalization weighted portfolios exhibit identical theoretical levels of diversification,
despite the former displaying substantially higher levels of Size exposure. Our empirical results align with the predictions
of this theoretical framework.
We have shown that the framework developed provides the ability to interpolate between market capitalization, equal and
inverse market-capitalization weights, allowing us to choose the magnitude of the exposure on the Size spectrum along
with the level of investment capacity to facilitate implementation. Therefore, equal and inverse market-capitalization
weighting schemes are special cases of a more general class of factor tilt indexes.
Our results may be extended to any characteristic that follows an approximate log-normal distribution. For example, an
inverse volatility or risk-weighting scheme [3] may be reproduced by a tilt towards the same (low) Volatility characteristic
with a level of active exposure that is equal to the cross-sectional standard deviation of the log of Volatility.
Furthermore, there is evidence to suggest that Book Value is log-normally distributed. Therefore, weighting by Book Value
would result in a portfolio with active Value exposure equal to the cross-sectional standard deviation of the log of Book
Value. The active Value exposure is time varying. In the case of Book Value, this results in dynamic levels of active Value
exposure, where the level of active exposure increases with the cross-sectional standard deviation or dispersion of the
Value metric.
This suggests that it is possible to replicate the factor exposures of other portfolio-weighting schemes through the
application of a series of factor tilts to a set of market-capitalization weights. In particular, the use of diversified weighting
schemes [8, 9] can be considered to result in a series of implicit and uncontrolled multi-factor outcomes. These multifactor outcomes may also be readily replicated in a direct and transparent manner, using a factor tilt approach, while as
we have shown in earlier papers, simultaneously achieving superior levels of diversification and greater levels of
investment capacity [7].
Therefore, instead of viewing such weighting schemes as special entities, we consider them as part of a continuum of
outcomes that allows flexibility in the choice of factor exposure(s) and implementation properties applicable to the
investment objectives.
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